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SUMMARY 
Following a brief introduction to the concept of parametric acoustic inter- 
actions, the basic properties of Parametric Transmitting and Receiving Arrays 
are considered in the light of conceptual advances resulting from experimental 
and theoretical investigations that have taken place since Westervelt's (ref. 1) 
landmark paper in 1963. 
INTRODUCTION 
It 'is interesting to observe that the concept of a Parametric Acoustic 
Array which was first introduced by Westervelt (ref. 1) in 1963 can be viewed 
retrospectively as the inevitable consequence of his earlier investigations 
(ref. 2) of the scattering of sound by sound. Adopting this perspective as a 
framework for discussion, we begin by considering the propagation of isentropic 
finite-amplitude acoustical disturbances (i.e., waves of maximum Mach Number 
c0 < 0.1) in an unbounded dispersionless, thermo-viscous fluid at rest. 
disturbances, as shown by Westervelt (ref. 3 )  are governed by a second-order 
nonlinear wave equation which can be derived from Lighthill's (ref. 4 )  'acoustic 
analog equation' [i.e., a cleverly rearranged form of the Navier-Stokes (ref. 5) 
equations]. The excess pressure p' induced in the fluid by a finite-amplitude 
disturbance of initial peak pressure 
Such 
is thus described by the equation, PO 
a21? = -:BE (P 2 Itt 
2 0  
where the coefficient of nonlinearity of the fluid (ref. 6 )  B has a value of 
-3.5 in water at 20°C and atmospheric pressure. 
of eq. (1) gives, 
Taking the Fourier transform 
where the effect of viscous absorption can be included by treating 
complex wavenumber. 
k as a 
Pol 'PO2 If two finite-amplitude plane waves of initial peak amplitudes and angular frequency-wavenumber pairs (ul,Icl) , (W k ) , termed 'primary' 2 '-2 
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waves i n t e r a c t  weakly ( i .e. ,  wi thout  i n c u r r i n g  s i g n i f i c a n t  d i s t o r t i o n )  t h e i r  
combined f i e l d  i s  obtained t o  a f i r s t -approximat ion  v i a  l i n e a r  supe rpos i t i on  
g iv ing ,  
- r ) )  + o(E 2> Re{Pol exp(jw t - j l  - - r )  + Po2 exp(jw2t - jk2 - 
0 
P ( r , t )  = 1 
(3)  
The right-hand-side of eq.  (2) t hus  c o n s i s t s  of f o r c i n g  func t ions  a t  t h e  second 
harmonic and combination f requencies  s o  t h a t  as i n  t h e  case of a l i n e a r  
harmonic o s c i l l a t o r  i ts  response t o  any one of t h e s e  app l i ed  f o r c e s  remains 
s m a l l  un l e s s  t h e i r  f requencies  co inc ide  wi th  c h a r a c t e r i s t i c  f requencies  of t h e  
homogeneous equat ion.  For weakly i n t e r a c t i n g  primary waves t h i s  occurs  a t  t h e  
combination f requencies  whenever t h e  fol lowing ' resonance '  cond i t ions  are 
s a t i s f i e d  ( r e f .  7 ) :  
w + w  = w  k + k  = k ( 4 )  --+ - f -1 - -2 - 1-  2 
Since t h e  second of t h e s e  cond i t ions  can be  reexpressed f o r  i n t e r a c t i o n  i n  a 
d i s p e r s i o n l e s s  f l u i d  ( i . e . ,  wl/kl = w2/k2 = w /k = c ) as, + +  0 _ -  
w 2 + w 2 + 2 w w  case = w 2 
+ - 1 2 - 1 2  
where 0 i s  t h e  ang le  of i n t e r s e c t i o n  between t h e  wave normals, it fol lows 
from t h e  f i r s t  cond i t ion  t h a t  8 = 0 i s  t h e  only  ang le  of i n t e r s e c t i o n  f o r  
which eq. ( 4 )  can be  s a t i s f i e d .  A s  Westervelt ( r e f .  2 )  concluded t h e r e f o r e ,  
two p e r f e c t l y  co l l ima ted  over lapping  f in i te -ampl i tude  p l a n e  waves can only 
i n t e r a c t  ' r e sonan t ly '  when t h e i r  wave v e c t o r s  lcl and lc2 are a l igned  i n  
t h e  same d i r e c t i o n .  On t h e  o t h e r  hand, i t  should be  noted as Rudenko, e t .  a l .  
( r e f .  8) have shown t h a t  ' resonance '  occurs  a t  non-zero i n t e r s e c t i o n  ang le s  i n  
d i s p e r s i v e  f l u i d s .  
I n  t h e  case of 'non resonant '  o r  'asynchronous' i n t e r a c t i o n s  t h e  combina- 
t i o n  tones are s u b j e c t  t o  s p a t i a l  o s c i l l a t i o n s  which i n h i b i t  t h e i r  e f f e c t i v e  
ampl i f i ca t ion .  A l t e r n a t i v e l y ,  ' r esonant '  o r  'synchronous' i n t e r a c t i o n s  r e s u l t  
i n  cont inuous energy t r a n s f e r  from t h e  primary waves t o  t h e  non l inea r ly  generated 
'secondary'  waves ( i . e . ,  combination tones ,  *etc.). If t h e  i n i t i a l  ampli tudes 
of t h e  'secondary'  waves are zero  they w i l l  t hus  grow l i n e a r l y  wi th  range a t  t h e  
expense of t h e  primary waves u n t i l  t h e  l a t t e r ,  and hence t h e  ampli tudes of t h e  
' f o r c i n g  func t ions '  on t h e  right-hand-side of eq. ( 2 ) ,  are s u f f i c i e n t l y  
diminished by t h i s  type  of " f in i te -ampl i tude  absorpt ion" and by convent ional  
' l i n e a r '  l o s s e s  such as v iscous  absorp t ion  and s p h e r i c a l  spreading.  
from t h e  source  of t h e  d i s tu rbance  where t h e  primary waves are no longer  of 
A t  d i s t a n c e s  
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finite-amplitude, nonlinear interaction ceases, and the secondary waves formed 
in the "interaction zone" eventually decay at rates determined by their viscous 
attenuation coefficients and by spherical spreading losses. The range at which 
this occurs defines the 'far-field' of the secondary waves which is generally 
much greater than that of the primary waves. The interaction zone can thus be 
viewed as an extension of the source itself, the generation of secondary waves 
within it resulting from the establishment of volume distributed "virtual 
sourcest' created by the primary fields which formed as envisaged by Westervelt 
(ref. 1), a "virtual acoustic array". Moreover, the term 'parametric' which 
Westervelt (ref. 1) used to describe such arrays was chosen, by analogy with 
the concept of electrical parametric amplification, to convey the idea that 
their performance is dependent on parameters of the medium (i.e., 
attenuation characteristics, etc.) and of the source distribution (i.e., 
primary wave amplitudes, frequencies, and aperture dimensions). Since the 
spatial directivity of the secondary waves is in most instances equivalent to 
that of the primary waves, highly directive low frequency "parametric trans- 
mitting arrays" can thus be formed by bifrequency projectors simultaneously 
radiating highly directive primary w6ves of nearly equal frequencies to generate 
a low difference-frequency signal via nonlinear interaction in the medium. 
converse task of directive low frequency reception, can likewise be accomplished 
by means of ';parametric receiving arrays". 
6,  Po, coy 
The 
PARAMETRIC TRANSMITTING ARRAYS 
When the primary waves are radiated by a plane piston projector of area 
A , they propagate as essentially collimated plane waves within their mean 
Rgyleigh distance ro = A,/X, , ho being the mean primary wavelength, and as 
directive spherical waves beyond this range. If a, is the mean primary wave 
attenuation coefficient, then 2a0r0 represents the total 'linear' loss 
incurred by the primary waves within ro . Consequently, when 2a0r0 is such 
that the primary wave amplitudes are reduced to small-signal levels within 
ro 2a0r0 >> l), a plane wave primary interaction of the type considered 
by Westervelt (ref. 1) occurs in the fluid. This type of parametric interaction, 
which is described as 'absorption-limited', results in the virtual sources being 
phased in such a manner that they form a "virtual-end-fire array whose 'far-field' 
spectrum contains only the difference-frequency (and possibly some of its 
harmonics). In most instances the latter signal overrides the primary waves 
and upper sideband components to survive in the far-field 
been amplified throughout the interaction zone and 
significantly lower rate of viscous absorption. The 'far-field' pressure of an 
axially symmetric 'absorption-limited' parametric array obtained from eq. (2) 
thus becomes (refs. 1 and 9 ) ,  
(i.e., 
(i) because it has 
(ii) because of its 
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wher_e ax = aa + a2 - a _ -  
fire arr y an its directivity-function D - (0) is given by, 
is the effective length of the virtual-end- ' - 2"o 
2a r >> 1 (6) 
IDB 1 
ID-(e)l = 0 0  
/1 + (20l,/k-)~ sin4(0/2) 
D 
difference-frequency - a necessary modification of Westervelt's (ref. 1) 
solution for k a > 1 , introduced by Naze and Tjotta (ref. 9), where 2a is 
the characterisiic dimension of the aperture. If k a < 1 then DB (0) 1 
directivity function defined by eq. (6) assumes the form originally derived by 
Westervelt (ref. 1). This directivity function has no sidelobes, a most 
attractive feature of 'absorption-limited' parametric arrays, which has been 
confirmed experimentally by Bellin and Beyer (ref. lo), Berktay (ref. ll), 
Zverev and Kalachev (ref. 12), and by Muir and Blue (ref. 13). Using a 25 cm 
square projector simultaneously radiating primary waves of frequencies 1.124 MHz 
and 0.981 MHz at finite-amplitudes in fresh water, the latter (ref. 13) showed 
that the far-field directivity function of the 143 kHz difference-frequency 
signal was in very good agreement with that predicted by eq. (6), thus 
demonstrating that in this instance the parametric array was capable of achiev- 
ing the same directivity as a conventional source operating at 143 kHz, but 
with an aperture of characteristic dimension approximately eight times smaller. 
(0)  being the far-field directivity function of the radiator at the B 
over the angular domain of interest, so that in this-instance the - T 
If the near-field primary wave absorption loss 2a0r0 is very small 
(i.e., 2a0r0 << al), significant nonlinear interaction occurs beyond ro where 
the primary fields propagate as directive spherical waves. A parametric array 
formed by this type of interaction is termed 'diffraction-limited' because the 
virtual-end-fire array which now extends beyond ro is effectively truncated 
by spherical spreading losses at a distance 
power beamwidth of the virtual-end-fire-array begins to asymptotically approach 
that of the mean primary wave directivity function. Lauvstad and Tjotta (ref. 
14), Cary (ref. 15), Fenlon (refs. 15 and 16), and Muir and Willette (ref. 17) 
have investigated the properties of 'diffraction-limited' parametric arrays, 
whose 'far-field' difference-frequency pressure for axially symmetric primary 
waves is given by eq. (2) as, 
r: = ro(wo/w ) where the half- 
1 the effective array length 
less than the 'absorption-limited'aTrO length 
r; In in this instance being considerably 
l/aT . Moreover, as shown by 
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Fenlon (ref. 18) and Lockwood (ref. 19) the 'far-field' difference-frequency 
directivity function D - (e) 
is given by, 
for an axially symmetric diffraction-limited array 
<< 1 (8) D-(e) = D,(e> D2(e> 2aoro 
where Di(@) , (i = 1,2) are the far-field primary wave directivity functions. 
Combining the asymptotic solutions defined by eqs. (5)-(8), Fenlon (ref. 
20), Berktay and Leahy (ref. 21), and (although not explicit in their analysis) 
Mellen and Moffett (ref. 
in the 'far-field' of an 
for all values of 2a0r0 
where 
1 
-+ In - a r' T o  
22) have shown that the difference-frequency pressure 
axially symmetric parametric array can be expressed 
as 9 
a r' >> 1 T o  
\ = r /r' being the effective length of the parametric array L O  with respect to r: = ro(Wo/w-) . The dependence of RL on aTrA obtained 
from refs. 19 and 20 is shown in figure 1. Again, the general form of the 
difference-frequency directivity function D-(e) is obtained by convolving 
eqs. ( 6 )  and (8), as shown implicitly by Lauvstad and Tjotta (ref. 13) and 
explicitly by Blue (unpublished report). It should be noted that Berktay and 
Leahy (ref. 21) have evaluated the convolution integral numerically to obtain 
D (e,$) 
the computed directivity functions being in excellent agreement with experimental 
results. 
rL , normalized 
for both axially symmetric and asymmetric 'diffraction-limited' arrays, 
Returning to eq. (9) it is convenient to reexpress it in terms of the 
equivalent peak primary wave and difference-frequency source levels at lm giving 
A 
SL - = gL1 + gL2 + 20 loglo(w - /27r x 1 kHz) + 20 loglo % - 290 dB re 1 pPa at 
Im in water (10) 
Since the dependence of 5 on a r' depicted in fig. 1 has been confirmed 
T o  
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experimentally (refs. 23 and 24) over the range 
that eq. (10) can be applied over the entire range of sonar frequencies pro- 
vided that the combined peak primary wave pressure does not excede the shock 
threshold (i.e. the amplitude at which the primary waves become so distorted 
due to repeated self interaction that shock formation occurs within the inter- 
action zone). 
shock threshold as SLoc it can be shown (ref. 20) that, 
< aTrA 6 10 , it follows 
Denotkng the critical peak source level corresponding to the 
2Loc 20 loglo GOc - 20 loglo(wo/2r x 1 kHz) + 287 dB re 1 VPa at lm 
where the parameter aOc is given as a function of aorO in fig. 2 for a 
plane piston projector. It can also be shown that the half-power beamwidth 
20 of the difference-frequency directivity function obtained from the 
convolution integral (refs. 13 and 21) is given to a good approximation by the 
expressions , 
0 
20 0.88 A 
for a square piston of 
side length d m a )  
d 20 ,.# 20 = 0 0 - -fi 
for a circular piston of 
diameter d . (12b) 
Several examples illustrating the application of eqs. (10)-(12) to experiments 
reported in the literature are included in Tables la and lb, the "frequency 
response index'' 
- 
n which appears in Table lb being defined as, 
l S n S 2  
and \(aTro) are both defined by the characteristic in fig. 1. 
that from eq. (13), E +  2 for 'absorption-limited' arrays - (i.e., 2aoro >> 1) and likewise n + 1 for 'diffraction-limited' arrays 
(i.e., 2a r << 1) , as required. The difference-frequency pressure distribu- 
has been analyzed by Berktay (ref. 25), Hobaek and Vestrheim (ref. 26) and by 
Novikov et. al. (ref. 27). A 'near-field' solution for 'diffraction-limited' 
arrays has also been obtained by Rolleigh (ref 28) although it can be shown 
that this approximation is only valid for < a r' S 1 . A more comprehen- 
sive 'near-field' which include both 'absorption-limited' and 'diffraction 
limited' interactions has recently been derived by Mellen (ref. 29). However, 
this approximation has not as yet been sufficiently tested to confirm its 
applicability over a wide range of the parameter 
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tion in the 0 9  near-field' of 'absorption-limited' parametric transmitting arrays 
T 
a r' . T o  
More complex parametric interactions between spatially separated primary 
sources have been treated analytically by Lauvstad (ref. 30) and by Cary and 
Fenlon (ref. 31). 
An 'absorption-limited' parametric transmitting array was first formed in 
air by Bellin and Beyer (ref. 10) but the formation of 'diffraction-limited' 
arrays in air was only recently accomplished by Bennett and Blackstock (ref. 32) 
and independently by Muir (ref. 33).. The latter, who made use of a small 
bifrequency transducer (i.e., operating simultaneously at 15.5 kHz and 16.5 kHz) 
located at the Newtonian focus of a 55.9 cm diameter parabolic reflector to form 
the primary waves, concluded from the success of his experiment that the advent 
of directional parametric megaphones is virtually assured. 
Muir (ref. 33) also formed and successfully steered over a 36" sector a 
21 kHz difference-frequency signal resulting from the interaction of primary 
waves (i.e., 185 kHz and 206 kHz) simultaneously radiated by small bifrequency 
transducers located on the focal surf,ace of a 43 cm diameter solid polystyrene 
plastic refracting lens in water. Widener and Rolleigh (ref. 34) have sub- 
sequently shown that the difference-frequency pressure and directivity are not 
adversely affected by mechanically steered primary waves if the frequency of 
rotation is small compared to the difference-frequency. 
In another recent experiment Ryder, Rogers, and Jarzynski (ref. 35) 
generated difference-frequencies of 10 kHz - 20 kHz via an 'absorption-limited' 
parametric transmitting array formed by primary waves of mean frequency 1.4 MHz 
propagating in a 16.5 cm diameter, 23 cm long silicone rubber cylinder immersed 
in water, the primary waves being radiated by 2 cm diameter circular piston 
centered at the back end of the cylinder. Although the axial field dependence 
of the difference-frequency signals was found to be in good agreement with 
eq. (5) when l/aT was replaced by a 'slow-waveguide-antenna-absorption- 
distance-parameter', the 'far-field' difference-frequency directivity functions 
were much more directive than those predicted by eq. (6). However, despite the 
fact that the coefficient of nonlinearicy in silicone rubber exceeds that of 
water by a factor of -1.4 whilst its sound velocity is -1.5 less than that of 
water, parametric arrays are formed less efficiently in this material because 
of its significantly greater rate of absorption per wavelength. 
Attempts to address the problem of defining the maximum realizable conver- 
sion efficiency of parametric transmitting arrays have been made by Mellen and 
Moffett (ref. 22) and by Fenlon (ref. 36) via saturated parametric array models. 
Differences between these models at very high primary wave amplitudes however, 
have not yet been resolved experimentally. 
Following Muir and Blue's (ref. 37) demonstration of the broadband (.low Q) 
nature Gf parametric transmitting arrays, resulting from the transfer of primary 
wave bandwidths to the difference-frequency signal, it was evident that pulse 
compression techniques could be used, as in the case of peak-power-limited 
radars,. to offset the poor conversion efficiency of these arrays. 
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Furthermore, when it was realized that the process of simultaneously 
radiating finite-amplitude tones of angular frequencies w and w each of 
carrier wave of angufar frequency w = (wl + w ) / 2  
0 modulated by a cosine envelope function of angular frequency R = (w - w2)72 , 
it became obvious that parametric amplification is simply the converse of 
'pulse demodulation' - a concept introduced by Berktay (ref. 11) and confirmed 
experimentally by Moffett, Westervelt, and Beyer (ref. 38) to explain the 
enhanced demodulation of a narrow-band-modulated finite-amplitude carrier 
resulting from propagation in a fluid (i.e., in addition to demodulation caused 
by viscous absorption) in terms of energy transferred by the carrier to its 
squared envelope frequency components. These components, being of lower 
frequency than the carrier survive the latter in the 'far-field' having been 
endowed with spatial directivities and bandwidths closely related to those of 
the carrier via angular and frequency convolution of the time waveform squared 
in the interaction zone. Eller (refs. 39 and 40)  who investigated biased cosine 
modulation (i.e., a.m. with carrier) and narrow-band N-spectral line modulation 
showed, independently of Merklinger's (ref. 41) analysis of rectangular envelope 
modulation, that in principle, a maximum gain of 6 dB in conversion efficiency 
relative to that afforded by cosine modulation of angular frequency 
be realized for the same average carrier power by a periodic impulse function of 
repetition frequency R . In practice, however, since this form of modulation 
cannot be implemented by conventional band-limited, peak-power-limited acoustic 
sources, Merklinger (ref. 41) suggested the alternative of using a periodic 
rectangular envelope with a 25% 'mark-space-ratio' which results in a 5.1 dB 
gain in conversion efficiency for the same average power as a cosine modulated 
wave, provided that the source has sufficient bandwidth to form the rectangular 
envelope, and can at the same time sustain a 50% increase in peak pressure. On 
the other hand, if the source is peak-power-limited but not band-limited, a gain 
in conversion efficiency of 2.1 dB can still be realized for the same average 
power as a cosine modulated carrier, via periodic square wave modulation (i.e, 
rectangular modulation with a 50% mark-space-ratio) without incurring any increase 
in peak power. In general therefore, rectangular modulation is a very 
advantageous means of launching a parametric array, particularly as it can 
readily be implemented via switching amplifiers. 
initial amplitude P is equivalent to radiating a sinusoidal 1 f inize-amplitude 
and peak amplitude 2P , 
1 
Q/2 could 
More recently, a procedure for optimizing the performance of parametric 
transmitting arrays by spectral design of the modulating envelope has been 
outlined in a preliminary study by Clynch (ref. 42). 
PARAMETRIC RECEIVING ARRAYS 
Parametric Receiving Arrays are formed in a fluid by projecting a finite- 
amplitude 'pump wave' of angular frequency w into the medium to serve as a 
'carrier' wave for a weak incoming signal of angular frequency w , where in 
general 
compressibility of the fluid amplitude dependent, the presence of any other wave, 
0 
S w /us >> 1 . Since the pump wave is sufficiently intense to make the 
0 
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such as the spatial component of a weak signal traveling along the pump axis, 
will result in a combined pressure field which is effectively squared by the 
inherent nonlinearity of the medium. The nonlinear interaction thus gives rise 
to sinusoidal modulation of the pump wave by the spatial component of the signal 
along its axis which in turn produces an intermodulation spectrum, the "sum" 
and "difference" components of angular frequencies w + us being of greatest 
interest. For an efficient nonlinear interaction the resonance conditions' 
require that the spatial component of the signal along the pump axis be 
propagating in the same direction as the pump wave. On account of the fact that 
wo/ws >> 1 
but unlike the latter, their directivity is equivalent to that of a virtual-end- 
fire line array of length (in wavelengths of the signal frequency), where 
L is the distance from the pump projector along its axis at which a receiving 
hydrophone resonant at w + w or w - w is located. Upon reception the 
up-convertkd" signal is Ped to a low pass filter to remove the pump frequency 
and recover the signal of frequency w . 
0 1- 
these sidebands are in close spectral proximity to the pump frequency, 
L/As 
S 0 11 
S 
Although implicit in Westervelt's (ref. 2 )  work, the process of Parametric 
Reception was identified and made explicit by the extensive theoretical and 
experimental investigations of Berktay (ref. 4 3 )  who in cooperation with Al- 
Temimi (refs. 44 ,  4 5 )  and Shooter (ref. 4 6 )  considered the practical implications 
of the up-conversion process. Subsequent experimental work by Barnard et. al. 
(ref. 4 7 )  and by Berktay and Muir (ref. 4 8 )  has been directed to long wavelength 
up-conversion in fresh water lakes and to the consideration of arrays of 
parametric receivers, respectively, thus involving significant practical 
extensions of the original scaled laboratory experiments. Further theoretical 
extensions by Rogers et. al. (ref. 4 9 )  and by Truchard (ref. 5 0 )  have also been 
made to provide a more precise description of the pump fields radiated by 
practical sources and the resulting effect of such refinements upon the 
analytical form of solutions for the up-converted fields. More recently 
Goldsberry (ref. 51) and McDonough (ref. 5 2 )  have derived optimum operating 
conditions for parametric receiving arrays from systems analyses based on 
Berktay and Al-Temimi's analytical model (ref. 4 5 )  for a spherically spreading 
pump wave. It should be noted however, that Goldsberry's (ref. 51) analysis 
which attempts to include the effect of noise is much more realistic than that 
of McDonough (ref. 5 2 )  who neglected to include this vital effect. With the 
exception of a preliminary study by Bartram (ref. 5 3 ) ,  no systematic analysis 
had been made prior to Fenlon and Kesner's analysis (ref. 5 4 )  of the effect of 
finite-amplitude absorption on the performance of parametric receivers, which 
although insignificant at low pump amplitudes, ultimately determines the maximum 
achievable efficiency of these arrays when the pump wave becomes saturated. 
925 
REFERENCES 
1. Westervelt, P. J.: Parametric Acoustic Array. J. Acoust. SOC. Amer., 
vol. 35, no. 4 ,  Apr. 1963, pp. 535-537. 
2. Westervelt, P. J.: Scattering of Sound by Sound. J. Acoust. SOC. Amer., 
vol. 29, no. 2,  Feb. 1957,  pp. 199-203; vol. 29, no. 8,  Aug. 1957,  
pp. 934-935; vol. 32, no. 7 ,  July 1960,  p. 934(A). 
3. Westervelt, P. J.: Virtual Sources in the Presence of Real Sources. Proc. 
2nd Int. Symp. Nonlinear Acoustics, The University of Texas at Austin, 
NOV. 1969 (AD 719936), pp. 165-181. 
4. Lighthill, M. J.: On Sound Generated Aerodynamically. I. General Theory, 
Proc. Roy. SOC. (London), vol. A211, 1952,  pp. 564-587. 
5. Landau, L. D.; and Lifshitz, E. M.: Fluid Mechanics. Addison-Wesley, 
New York, 1959,  p. 49. 
6. Beyer, R. T.: Parameter of Nonlinearity in Fluids. J. Acoust. SOC. Amer., 
vol. 32, no. 6 ,  June 1960, pp. 719-721. 
7. Landau, L. D.; and Lifshitz, E. M.: Theory of Elasticity. Addison-Wesley, 
New York, 1964, pp. 115-117. 
8. Rudenko, 0. V.; and Soluyan, S. I.: The Scattering of Sound by Sound. 
Soviet Physics Acoustics, vol. 18, no. 3, Jan.-March 1973, pp. 352-355. 
9. Naze, J.; and Tjotta, S. J.: Nonlinear Interaction of Two Sound Beams. J. 
Acoust. SOC. Amer., vol. 37, no. 1, Jan. 1965,  p. 174(L).  
10. Bellin, J. L .  S.; and Beyer, R. T.: Experimental Investigation of an End- 
Fire Array. J. Acoust. SOC. Amer., vol. 34, no. 8, Aug. 1972,  pp. 1051-1054 
11. Berktay, H. 0.: Possible Exploitation of Nonlinear Acoustics in Underwater 
Transmitting Applications. J. Sound Vib., vol. 2 ,  no. 4 ,  Oct. 1965, 
pp. 435-461. 
12. Zverev, V. A.; and Kalachev, A. I.: Measurement of the Scattering of Sound 
by Sound in the Superposition of Parallel Beams. Soviet Physics Acoustics, 
.vel. 1 4 ,  no. 2 ,  0ct.-Dec. 1968, pp. 173-178. 
13. Muir, T. G. ;  and Blue, J. E.: Experiments on the Acoustic Modulation of 
Large-Amplitude Waves. J. Acoust. SOC. Amer., vol. 46, no. 1 (part 2 ) ,  
July 1969, pp. 227-232. 
14. Lauvstad, V.; and Tjotta, S. J.: Nonlinear Interaction of Two Sound Beams. 
J. Acoust. SOC. Amer., vol. 35, no. 3, Mar. 1963, pp. 929-930(L). 
926 
15. Cary, B. B.; and Fenlon, F. H.: On the Exploitation of Parametric Effects 
in Acoustic Arrays. General Dynamics Technical Report, GDED 67-29 (1967). 
16. Fenlon, F. H.: A Recursive Procedure for Computing the Nonlinear Spectral 
Interactions of Progressive Finite Amplitude Waves in Nondispersive Fluids. 
J. Acoust. SOC. Amer., vol. 50, no. 5 (part 2), Nov. 1971, pp. 1299-1312. 
17. Muir, T. G.; and Willette, J. G.: Parametric Transmitting Arrays. J. Acoust. 
SOC. Amer., vol. 52, no. 5 (part 2), Nov. 1972, pp. 1481-1486. 
18. Fenlon, F. H.: An Extension of the Bessel-Fubini Series for a Multiple 
Frequency CW Acoustic Source of Finite Amplitude. J. Acoust. SOC. Amer., 
vol. 51, no. 1 (part 2), Jan. 1972, pp. 284-289. 
19. Lockwood, J. C.: Two Problems in High Intensity Sound. Ph.D. Thesis, The 
University of Rochester, New York, July 1971. 
20. Fenlon, F. H.: On the Performawe of a Dual Frequency Parametric Source via 
J. Acoust. SOC. Amer., Matched Asymptotic Solutions of BurgeTs’ Equation. 
vol. 55, no. 1, Jan. 1974, pp. 35-46.’ 
21. Berktay, H. 0.; and Leahy, D. J.: Farfield Performance of Parametric 
Transmitters. J. Acoust. SOC. Amer., vol. 55, no. 3 ,  Mar. 1974, 
pp. 539-546. 
(a 
22. Mellen, R. H.; and Moffett, M. B.: A Model for Parametric Sonar Radiator 
Design. Naval Underwater Systems Center Tech. Memorandum No. PA 41-229-71 
(1971). 
23. Fenlon, F. H.; Thompson, J. H.; Konrad, W. L . ;  Douglas, G. R.; and Anderson, 
P. R.: Ori the Parametric Performance Potential of a Low Frequency Finite- 
Amplitude Source. Westinghouse Scientific Paper, 72-1M7-SONTR-PlY Oct. 1972. 
24. Berktay, H. 0.: Propagation Models for Parametric Transmitters. Proc. 6th 
Int. Symp. Nonlinear Acoustics, MOSCOW, U.S.S.R., 1975, pp. 228-231. 
25. Berktay, H. 0 . :  Near Field Effects in Parametric End Fire Arrays. J. Sound 
Vib., vol. 20, no. 2, Jan. 1972, pp. 135-143. 
26. Hobaek, H.; and Vestrheim, M.: Axial Distribution of Difference Frequency 
Sound in a Collimated Beam of Circular Cross Section. Proc. 3rd Int. 
Symp. Nonlinear Acoustics, The University of Birmingham, England, April 
1971; Proceedings of the British Acoustical Society, Jan. 1972, pp. 137-158. 
27. Novikov, B. K.; Kudenko, 0. V.; and Soluyan, S. I.: Parametric Ultrasonic 
Radiators. Soviet Physics 
pp. 365-368. 
28. Rolleigh, R. L.: Difference 
of a Parametric Array. J. 
pp. 964-971. 
Acoustics, vol. 21, no. 4, Feb. 1976, 
Frequency Pressure within the Interaction Region 
Acoust. S O C .  Amer., vol. 58, no. 5, Nov. 1975, 
927 
29. Mellen, R. H.: A Near-Field Model of the Parametric Radiator. J. Acoust. 
SOC. Amer., vol. 59, no. 1, April 1976, S28-29. 
30. Lauvstad, V.: Nonlinear Interaction of Two Monochromatic Soundwaves. 
Acustica, vol. 16, no. 4, 1965/66, pp. 191-207. 
31. Cary, B. B.; and Fenlon, F. H.: On the Near and Far-Field Radiation Patter 
Generated by the Non-Linear Interaction of Two Separate and Non-Planar 
Monochromatic Sources. J. Sound Vib., vol. 26, no. 2, Jan. 1973, 
pp. 209-222. 
32. Bennett, M. B.; and Blackstock, D. T.: Parametric Array in Air. J. Acoust 
SOC. Amer., vol. 57, no. 3, Mar. 1975, pp. 562-568. 
33. Muir, T. G.: A Survey of Several Nonlinear Acoustic Experiments on Travel1 
Wave Fields. Proc. 5th Int. Symp. Nonlinear Acoustics, Copenhagen, 
Denmark 1973, I.P.C. Science and Technology Press, Guildford England 1973 
pp. 119-125. 
34. Widener, M. W.; and Rolleigh, R. L.: Dynamic Effects of Mechanical Angular 
Scanning of a Parametric Array. J. Acoust. SOC. Amer., vol. 59, no. 2, 
Feb. 1976, pp. 
35. Ryder, J. D.; Rogers, P. H.; and Jarzynski, J.: Radiation of Difference- 
Frequency Sound Generated by Nonlinear Interaction in a Silicone Rubber 
Cylinder. J. Acoust. SOC. Amer., vol. 59, no. 5, May 1976, pp. 1077-1086 
36. Fenlon, F. H.: Nonlinear Scaling for Saturation-Limited Parametric Arrays. 
J. Acoust. SOC. Amer., vol. 56, no. 6, Dec. 1974, p. 1957. 
37. Muir, T. G.; and Blue, J. E.: Transient Response of The Parametric Acoustic 
Array. Ibid. Ref. 3, pp. 227-255. 
38. Moffett, M. B.; Westervelt, P. J.; and Beyer, R. T.: Large-Amplitude Pulse 
Propagation-A Transient Effect. J. Acoust. SOC. Amer., vol. 47, no. 5 
(part 2), May 1970, pp. 1473-1474(L); vol. 49, no. 1 (part 2), Jan. 1971, 
pp. 339-343. 
39. Eller, A. I.: Application of the USRD Type E8 Transducer as an Acoustic 
Parametric Source. J. Acoust. SOC. Amer., vol. 56, no. 6, Dec. 1974, 
pp. 1735-1739. 
40. Eller, A. I.: Improved Efficiency of an Acoustic Parametric Source. J. 
Acoust. SOC. Amer., vol. 58, no. 5, Nov. 1975, p. 1093(L). 
41. Merklinger, H. M.: Improved Efficiency in The Parametric Transmitting Arra: 
J. Acoust. SOC. Amer., vol. 58, no. 4, Oct. 1975, pp. 784-787. 
42. Clynch, J. R.: Optimal Primary Spectra for Parametric Transmitting Arrays. 
J. Acoust. SOC. Amer., vol. 58, no. 6, Dec. 1975, pp. 1127-1132. 
928 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
Berktay, H. 0.:  Parametric Amplification by the Use of Acoustic Non- 
linearities and Some Possible Applications. J. Sound Vib., vol. 2, no. 4, 
Oct. 1965, pp. 462-470. 
Berktay, H. 0.; and Al-Temimi, C. A.: Virtual Arrays for Underwater 
Reception. J. Sound Vib., vol. 9, no. 2, Mar. 1969, pp. 295-307. 
Berktay, H. 0.; and Al-Temimi, C. A.: Up-Converter Parametric Amplification 
o,f Acoustic Waves in Liquids. J. Sound Vib., vol. 13, no. 1, Sept. 1970, 
pp. 67-88. 
Berktay, H. 0.; and Shooter, J. A.: Parametric Receivers with Spherically 
Spreading Pump Waves. J. Acoust. SOC. Amer., vol. 54, no. 4, Oct. 1973, 
pp. 1056-1061. 
Barnard, G. R.; Willette, J. G . ;  Truchard, J. J.; and Shooter, J. A.: 
Parametric Acoustic Receiving Array. 3. Acoust. SOC. Amer., vol. 52, 
no. 5 (part 2), Nov. 1972, pp. 1437-1441. 
Berktay, H. 0.; and Muir, T. G.: Arrays of Parametric Receiving Arrays. 
J..Acoust. SOC. Amer., vol. 53, no. 5, May 1973, pp. 1377-1383. 
Rogers, P. H.; Van Buren A. L.; Williams, Jr., A. 0 . ;  and Barber, J. M.: 
Parametric Detection of Low-Frequency Acoustic Waves in the Nearfield of 
an Arbitrary Directional Pump Transducer. J. Acoust. Soc. Amer., vol. 55, 
no. 3, Mar. 1974, pp. 528-534. 
Truchard, J. J.: Parametric Acoustic Receiving Array. J. Acoust. SOC. 
Amer., vol. 58, no. 6, Dec. 1975, pp. 1141-1150. 
Goldsberry, T. G . :  Parameter Selection Criteria for Parametric Receivers. 
J. Acoust. SOC. Amer., vol. 56, no. 6, Dec. 1974, p. 1959. 
McDonough, R. N.: Long-Aperture Parametric Receiving Arrays. J. Acoust. 
SOC. Amer., vol. 57, no. 5, May 1975, pp. 1150-1155. 
53. Bartram, J. F.: Saturation Effects in a Parametric Receiving Array. J. 
Acoust. SOC. Amer., vol. 55, no. 6, June 1974, p. 1382. 
54. Fenlon, F. H.; and Kesner, W.: Saturated Parametric Receiving Arrays. 
Proc. 7th Int. Symp. Nonlinear Acoustics, Virginia Polytechnic Institute 
and State University, Blacksburg, Virginia, August 1976. 
929 
UY m r. 
rl 0 
m -3 
0 0 
m 
OD 
rl 
c l E  
\D 
rl m 
rl UY 
- 0  
L l a  
H C  
8 
IC 
UY -3 
m -3 
4 rl 0 0 
m N 
I I 
0 0 
d rl In v, 
N -3 0 
L l a  
Bo 
x X 
N N 
OD rl 
E 
Go -g 
UY 
0 -3 
0 0 r. N 
-3 m 
N -3 
0 0 
-3 
r. 0 m m 
rl 0 
O E  
r. U 
\D m 
rl d m m 
I I 
0 0 
d d 
X X 
m m 
m 
m rl 
9 
m m 
I I 
0 0 
4 d 
X X 
UY -3 
v, d 
-3 m 
O E  
4 
E u a  
O F 4  
c l 1  
21 
<m 
m 
Co NE v, m 
m Ln 
N rl 
N N 
I 
0 
w -. 
w 
m 
0 r. 
r. W 
N 
N r. 
m N 
rl d 
N N 
i3 
O b  
4 1  
21 
<v) 
m 
-3 0 
\D m 
N r. 
r. \D 
0 0 
N N 
0 v, 
-3 -3 
rl 
ln m 
N N  
W 0 
rl 4 
-3 -3 
4 
N r. 
r- \D 
0 0 
N N 
N 0 
OD \D 
-3 -3 
rl h 
r. 
4 
U 
4 B
h 
a, a 
X w 
h 
r. 
d 
u 
C 
.rl 
m a 
X 
W 
2 
w 
m 
a, n 
U m 
m 
rl 
rl w 
m 
v 
U m 
s 
QJ n 
U m 
U m 
QJ 
9 30 
931 
12 
10 
8 
a r np 
0 0’ 
Figure 2.- Shock threshold character is t ic .  
932 
